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Preface

Meaning of the word “potential”.

Meaning 1: Existing in possibility, not in act.
Meaning 2: Having the effect without the external actual property.
Meaning 3: Efficacious; powerful. (Noted as “not in use”.)

Meaning 4: Grammatical usage — a mood denoting possibility.

Description taken from Samuel Johnson’s A Dictionary of the English Language (1755).

Preface and acknowledgements

Preface yet to be written.



Chapter 2

Games with Exact Potentials

Chapter summary

4 Definition of exact potential games (A General characterisations

A Decomposition of exact potential games A Computing exact potentials

(4 Characterisation for differentiable potential (A The decomposition of arbitrary games into
games potential and harmonic games

[ Ui’s characterisation for finite games [ The potentialness of arbitrary games

In this chapter I discuss the primary class of normal form games associated with a potential function. These
games are known as exact potential games. We explore the characterisation of this class of games through several

approaches, including decomposition methods as well as a constructive technique for the potential function itself.

2.1 Exact potential games

Monderer and Shapley (1996) formally defined the concept of an exact potential game. Recall that a potential
for a pre-game (NN, A) is a function ¥: A — R, on which we have not imposed any restrictions. We denoted
I'y = (N, A, V) as a potential game and defined its equilibria as the saddle points of W.

Exact potential games are games in which the payoft differentials coincide exactly with the differentials
of a potential function. The payoff structure of an exact potential game is therefore entirely summarised in its

corresponding potential function.

Definition 2.1

A game T' = (N, A, ) is an exact potential game if there exists some potential function ¥: A — R

such that for every playeri € N, every a_; € A_; and all a;,b; € A;:

mi(ai, a—;) — mi(bi, a—;) = W(a;,a—;) — ¥(bi,a—;) (2.1 &

The main feature captured by this definition is that in an exact potential game all players share a single incentive:
each player improves her payoft only by increasing the value of the potential function. All players therefore
follow the same payoff-increasing path, dictated by a common potential function.

The next example explores this definition further by explicitly constructing an exact potential function for

the Cournot duopoly with linear market demand.

Example 2.1 Consider again the Cournot duopoly with two firms in a market with a linear demand. In particular,
the game is described by N = {1,2}, A; = Ay = R, and payoff functions given by

m1(q1,q2) = P(q1 + ¢2)qn — c1(qr)
m2(q1,q2) = P(q1 + ¢2)q2 — c2(q2)

where P(QQ) = a — @ is a linear market demand function and ¢, co: Ry — R are monotone increasing

cost functions for both firms in the market.
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We now rewrite the two payoff functions as a function of ¢; only and a function that describes the interaction of

both firms. This results in

m(q1,q2) = (@ = Bq1)a1 — c1(q1) — Bargz = i (q1) — Bqr1g2
m2(q1, q2) = (o — Ba2)q2 — c2(q2) — Barg2 = a(q2) — Baige

We now argue that the function given by

V(q1,q2) = 1(q1) + 1l2(q2) — Ba1gz (2.2)

is an exact potential for this game. Indeed, we can check that for all g1, ¢}, g2 > 0 it holds that

(g1, q2) — ¥(qy, q2) = [Hi(q1) + Halq2) — Barge] — [T (qh) + Ma(g2) — Bdi 2]
= [i(q1) — Bargz) — i (q}) — Baiae] = mi(qr, q2) — mi(qh, 42)

as required for ¥ to be an exact potential of this Cournot duopoly. ¢

The next insight follows directly from the definition and makes the role of the potential explicit: in an exact
potential game, every player’s payoff function decomposes into the potential function itself and a so-called
dummy payolff function that is unresponsive to strategic changes by that player. The strategically relevant payofts
are therefore entirely determined by the potential, while the dummy component merely records the accidental
consequences of the opponents’ choices.

Proposition 2.1 (Standard decomposition of exact potential games)

A game T’ = (N, A, ) is an exact potential game with corresponding potential function V: A — R if
and only if for every player i € N there exists a game 6; € G such that for every a_; € A_; and all

a;,b; € A; it holds that 51(%, @_i) = 5z(b7,7 L_Z_Z') and m; =V + 6;. o

Proof LetI' = (N, A, ) be some game.

First, assume that there exist a functions ¥: A — R and §;: A — R" such that for every a_; € A_; and all
a;, b; € A; itholds that d;(a;,a—;) = 6;(b;,a—;) and m; = ¥ + 6;. We will show that necessarily I is an exact
potential game with potential function ¥. Indeed,

~—

mi(ai,a_;) — m(bi,a_i) (U(aj,a—;) + 0i(a,a—;)) — (¥(bj,a—;) + 52‘((),',@_2‘) )

+di(aj, a—;) — 0;(bi,a—;)

i, a—;)
—i)

showing that I is an exact potential game with potential .

(
(

a;, a

Next, Assume that I' is an exact potential game with potential ¥. Then for every player i« € N we can write
i = W+ (m; — V). Define 0; = m; — ¥. We show that §; is a dummy game. Indeed, for every a_; € A_; and
all a;, b; € A; it follows that



2.1 Exact potential games

by the defining property of an exact potential game (2.1). q

The decomposition of exact potential games into a coordination game based on the potential itself and individual
dummy games allows us to identify potentials for a certain class of games. The next example collects the insights
from Balder (1997).

Example 2.2 A game I' = (N, A, 7) is called a game with additively coupled payoffs if for every i € N:

mi(a) = Z vij(a;)  withwv;: Aj — Rforevery j € N.
JEN
Itis clear that for player 7 € N the composites v;; form dummy games for all j # 4. This implies with Proposition

2.1 that an exact potential for this game is now given by W(a) = > ..y vii(a;). This allows the decomposition
of such a game as

mi(a) = ¥(a) + Zvij(aj) - Zvjj(aj)
j#i J#i

where the bracketed expression is clearly a dummy game payoft for player :. ¢

Furthermore, Proposition 2.1 provides a straightforward test for whether a matrix game has an exact potential.

The next example explores this in more detail.

Example 2.3 Consider a simple 2 x 2 matrix game with abstract payoffs. Then this matrix game is an exact
potential game according to the decomposition proposed in Proposition 2.1 if and only if these payoffs can be

written as

L R
U|Upy+a, Y146 | Vie+8,¥a+6
D | Uy +a, Vs ¢ | Voo + 3, Voo +e¢

More explicitly, the original matrix game can be decomposed in a sum of a potential game and a dummy game:

L R L R
U | Wy, ¥y | U, P12 + Ul d|pB,0
D | Wy, Vg | Uag, Uoo D | a,e| B¢

We remark that this puts clear restrictions on which payoff structures are supporting an exact potential and which

do not. For example, the standard Prisoners’ Dilemma admits an exact potential, as shown below:

L | R L | R L R
Ul1,1]30] = Ul22|1,1] + U|[-1,-1]2-1
D |[0,3]22 D|1,1]0,0 D| -1,2 | 2,2
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In this expression, the first matrix—the standard Prisoners’ Dilemma—is decomposed in a potential game (sec-
ond matrix) and a dummy game (third matrix). This decomposition also makes evident that the potential max-
imiser (U, L) coincides with the unique strict Nash equilibrium in this game.

The next example shows that there are simple games in which the potential maximiser is a Nash equilibrium,

but not all Nash equilibria are potential maximisers:

L R L | R L R
U| 1,1 |1,-1| = U331 + U|-2-2[0-2
D|-1,1] 2,2 D | 1,122 D| —2,0 | 0,0

The potential has a unique maximiser (U, L), which is also a Nash equilibrium. However, there is a secondary
Nash equilibrium in this game (D, R) that is not a potential maximiser and it is in fact socially or Pareto optimal

in this game. ¢

The simple decomposition of Proposition 2.1 also determines the dimension of the linear subspace of exact

potential games built on a given pre-game. The next corollary records this without proof.

Corollary 2.1 (Facchini et al. )

Let (N, A) be a finite pre-game. Then the set of exact potential games for forms a strict linear subspace
of GX(A) C G with dimension

dim (G(A)) = [ 14l + > _[]14il -1 (2.3)

ieN iEN j#£i

2.2 Characterisation of exact potential games

Proposition 2.1 provided a simple yet effective characterisation of an exact potential game. Its decomposition

forms the basis of more fundamental tests and characterisations, which this section surveys.

2.2.1 The Monderer-Shapley characterisation for differentiable games

Monderer and Shapley (1996) is the seminal paper on exact potential games and their direct generalisations. It
investigates in detail the conditions under which exact potential games with differentiable and smooth payoff
functions can be characterised.

Formally, we refer to a game I' = (N, A, ) as a differentiable game if T' is a one-dimensional Euclidean
game with convex action sets A; C R, i € N, and continuously differentiable payoft functions 7 on the convex
continnum A C RY. Furthermore, we refer to a differentiable game I' as a smooth game if the following
properties hold:

o All action sets are closed intervals on the real line in the sense that for every i € N: A; = [g;,a;] C R;
o All payoff functions are twice continuously differentiable, meaning that for every i € N : m; € C?(A) are

of class C2.

"For a proof we refer to the original paper Facchini et al. (1997) or the clear exposition in Voorneveld (1999, page 11).



2.2 Characterisation of exact potential games

From the definition of a derivative we immediately deduce from the definition of an exact potential game that
at every action tuple in A, the payoff functions have a derivative that is equal to the derivative of the potential
function. This leads to the following characterisation of exact potential games that are differentiable.

Theorem 2.1 (Monderer and Shapley , Lemma 4.4)

Let T be a differentiable game and let V: A — R. Then V is an exact potential for U if and only if ¥ is

continuously differentiable and

om; 0V
da;  Oa; 24)

for all players i € N. v

Monderer and Shapley also characterised exact potential games that are smooth. Differentiating the condition
stated in Theorem 2.1 once more, we obtain an equality of mixed second derivatives for games whose payoft
functions are twice continuously differentiable. This leads to the reformulation of Theorem 2.1 as Theorem 2.2
below, applicable to smooth games. A potential function for such a game can then be constructed by integrating
(2.4); Monderer and Shapley used a line integral for this purpose.

Theorem 2.2 (Monderer and Shapley , Theorem 4.5)

Let T be a smooth game. The smooth game I is an exact potential game if and only if for all players

1,7 € N:

0%m; B 827rj
8a,~ 8aj N 804 aa]‘

(2.5)
Q@

Theorem 2.2 shows that the interaction between the actions chosen by players is expressed in the mixed second
derivative. A common term such as a bi-quadratic expression is supported through an exact potential, but
deviations or different weights on these components would violate (2.5). A simple example illustrates this.

Example 2.4 Consider a two-player smooth game with A; = Ay = [0, 1]. Denoting actions by the two players
as x and y, respectively, payoff functions are given by

mi(z,y) = 2%y? + 2z — 612 and 7y = 22y? + 6z — 2.
Note that the potential determining interaction component is the common x2y2. This has to be symmetric, by
(2.5), meaning that one player cannot have a different weight on the common interaction component than the

other player. It has quantitatively be identical.
We now compute that

O _gpp o and D2 922y 9y
Ox oy
From this it is easily checked that (2.5) holds:
82 1 6271' 2 4
= = 4
oxdy Oyox Y

Therefore, we conclude that this game has to be an exact potential game. We can use the formula stated in
Theorem 2.2 to compute the exact potential function. For every action tuple (x,y), let a = (0,0) and let
v(t) = (tx, ty) such that v(0) = @ = (0,0) and (1) = (z,y). Clearly, 7/(t) = (z,y). Thus, we derive that
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1 T T
(z,y) :/0 [aa;(tx,ty) s %;(tw,ty) : y] dt
1 1
_/ [2(t:z:)(ty)2 + 2] :rdt+/ [2(tx)2(ty) —2(ty) |y dt
0 0

1 1
=z / (22y°t° +2) dt + ¢ / (2% — 2t) dt
0 0
=z (%xyz + 2) + y2 (%xz — 1) = Jr2y2 + 2z — y2
It is easy to check that this is indeed an exact potential for the smooth game I" as given above. ¢

An interesting application of the characterisation method of Monderer and Shapley (1996) is the class of games
describing the contest for a prize, known as rent seeking (Buchanan 1980). Rent seeking refers to the economic
practice of investing resources in the pursuit of a rent or prize; with only a single winner, the activity is highly
inefficient, yet many areas of economic life—from government contracting to school placement—are organised

as rent-seeking contests.

Example 2.5 The basic game theoretic formulation of rent seeking as a contest has been set out by Tullock
(1980). There are two players N = {1,2} who pursue to win a prize V' > 0. This pursuit is executed through
the exertion of a certain level of effort a; € A; = R for both players ¢ = 1, 2. Effort results in two outcomes.
The first is the prime outcome, namely the factor that affects the probability of winning the prize V. This is for
each player ¢ € N described by the same continuously differentiable function f: R, — R, with continuous
derivative f'.

Second, the exertion of effort a; results in costs, described by a continuously differentiable cost function¢;: Ry —
R, with ¢;(0) = 0 and continuous derivative ¢, for each player i € N.

Payoffs are now determined as the expected payoff from winning the prize, minus the cost related to the exertion

of effort in this rent seeking enterprise:

f(ai) il
m‘(a):{ e V- Tres (2.6)

iV if a = (0,0)

Tullock (1980) originally introduced f(z) = x for x > 0, where p > 0 is an efficiency parameter. The Nash
equilibrium for the standard cost function ¢(xz) = z can be determined as a* = %. We refer to the detailed
analysis in Baye, Kovenock, and Vries (1994) for further conclusions about the existence of mixed strategy Nash
equilibria for the standard game.

We use Theorem 2.2 to check whether this rent seeking game has an exact potential. Note that we have to check
the second derivative of the two payoft functions and check whether they are equal. First, we investigate the

derivative of 7; forz =1, 2:

Here we use the notation of R, ; = (0, 00) as the open positive orthant of the real line.



2.2 Characterisation of exact potential games

om _ fla)(f(ar) + f(a2)) = fa)f (o) 4, s
day (f(a1) + flaz))? B

_ f(a1)f(a2)
(f(a1) + f(a2))?

omy _ [flar)f'(az)
daz  (f(a1) + f(az))?

This allows us to determine the required second derivatives for this rent seeking game:

V —cj(a1) and, similarly,

[\

V — dy(az)

0*m_ f'(a1)f'(a2)(f(a1) + f(a2) )? — 2f"(a1) f(a2) f'(a2)( f(a1) + f(a2)) v
8&18(12 (f(al) + f(aQ) )
)

f'(a1)f'(az)( f(a1) = fla2)) |,
(f(a1) + f(a2))?
)

?my _ f'(a)f'(a2)(flaz) = flar)),,  O°m
dasdaq (f(al) + f(az) ) Oa10as

We therefore conclude that rent-seeking games are not exact potential games. The Monderer-Shapley criterion

of Theorem 2.2 has made this quite straightforward to establish; absent the criterion it would be considerably
harder. ¢

Generalisation of the Monderer-Shapley characterisations

Differentiable games, as defined above, are one-dimensional: all action sets are convex subsets of the real
line. Can the Monderer-Shapley characterisations (Theorems 2.1 and 2.2) be extended to multi-dimensional
Euclidean spaces? This is the subject of Arefizadeh, Nedi¢, and Dasarathy (2024), which informs the discus-
sion in this subsection.

For these results we turn to general Euclidean games with convex action sets. Recall that in a Euclidean
game each player i € N has an action set A; C R, where k; € N is the dimension of the actions available.
Now denote k = >,y ki, then A = [],. v A; C R¥. For any continuously differentiable function f: RF — R
we let

0 0 0
Di f(CL) = f ) f Yoy f
Oa;1 " Oa; 2 Oa; 1,
where we write a; = (a;1,a;2,...,0k) € R¥:. The operator D; is the partial differential with regard to a;.

The next result generalises Theorem 2.1 to Euclidean games with arbitrary action sets in multi-dimensional
Euclidean spaces.

Theorem 2.3 (Arefizadeh, Nedié, and Dasarathy , Theorem 2(a) )
LetT' = (N, A, 1) be a Euclidean game with A; C R¥ for eachi € N and A C RF with k = Y ien ki

Suppose that for every i € N : w; is a continuously differentiable function on an open set containing A.

Then T is an exact potential game if and only if there exists some function U : RF — R such that for every
playeri € N and every a € A:

D;mi(a) = D; ¥(a) 27
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Theorem 2.2 can also be generalised in a similar fashion. For that we need to define the partial Hessian of a

twice continuously differentiable function f: RF — R. We denote for all players ¢,j € N:

i 0% f 8% f 8% f )
Oda; 1 0aj 1 Oa; 1 0aj 2 Oa;,1 Ba]-,kj
% f 9% f 9% f
2 804;72 Baj,l 8ai,2 8aj72 aai’g Bajyk .
Di,j f(a) !
0% f 8% f 0% f
| Oair; Oaj1  Oagy, Oajo Oa; i, 8a]-’kj ]

as the partial Hessian k; X k; matrix of second order derivatives of f. This leads to the following generalisation
of Theorem 2.2.

Theorem 2.4 (Arefizadeh, Nedié¢, and Dasarathy , Theorem 2(b) )

LetT' = (N, A, 7) be a Euclidean game with convex action sets A; C R¥: for every player i € N and

A C R¥ with k = Y icn ki. Suppose that for every i € N: m; is a twice continuously differentiable
function on an open set containing A.

Then T is an exact potential game if and only if for all players i,j € N and all a € A :

D mi(a) = Dj;mi(a)

@8)

We illustrate Theorem 2.4 with a simple mathematical example as well as a modified Cournot duopoly.
Example 2.6 Consider a two-player Euclidean game I' = ({1,2}, A, 7r) that is characterised by A; = [0,1]?,
Ay = [0, 1] and payoff functions given by

T (21, 223y) = y(21 + 22)% — 2122 + T2y

(w1, 22;y) = y(@1 + w2)* + 229” +y
Note here that player 1’s action set is two-dimensional and that player 2’s action set is one-dimensional. This
discrepancy is expressed by making player 1’s action two dimensional, represented by (x1, x2), while player 2’s
strategy is just the single number .

We argue that I is an exact potential game. We use Theorem 2.4 to verify this. Indeed note that we have the
following derivatives for the two payoff functions:

Dy (21, w25y) = [2y(21 + a2) — 22, 2y(21 + 32) — 21 + 7 |
Dy (1,225 y) = (21 + 22) + 220y + 1

This leads to the conclusion that

2(1‘1 + $2)
2(1’1 + fL‘Q) + 2y

2(331 + $2)

D2 T1(X1,22;Y) =
v ( ) x1 + x2) + 2y

and D:%y To (1, T23y) = [ 2(

Clearly these second derivatives are identical. Using Theorem 2.4 it follows immediately that I' has an exact

potential. After some contemplation, it is indeed easy to see that ¥': [0, 1]*> — R given by

(21, 72;y) = y(o1 + 22)? — 2122 + 29Y* + ¥



2.2 Characterisation of exact potential games

is an exact potential function for this game. ¢

2.2.2 Ui’s characterisation of finite exact potential games

Ui (2000) is a seminal contribution to the theory of exact potential games. Beyond the characterisation discussed
here, Ui introduces a fundamentally different perspective on exact potential games by establishing a profound
relationship with cooperative games with transferable utility (TU-games).> Every exact potential game corre-
sponds to a subclass of TU-games whose Shapley values (Shapley 1953) coincide with the payoff function of
the exact potential game. Conversely, the space of all TU-games maps onto the class of exact potential games
through the Shapley value, underlining the special role of the Shapley value in bridging cooperative and non-
cooperative game theory.*

Furthermore, Ui’s main theorem provides a foundation for characterising exact potential games through
so-called interaction potentials. For this we recall that the restricted action space A g for a certain coalition of
players S C N is defined as Ag = [[,c 5

Theorem 2.5 (Ui , Theorem 3)

A game T' = (N, A, ) is an exact potential game if and only if for every coalition of players S C N

A;. The next theorem states this in precise terms:

there exists an interaction potential function Vg: Ag — R such that for every a € A and every player
1€ N:

m(a)= Y Ts(as) 2.9)

SCN:ieS

An exact potential function for the game 1 is for every action tuple a € A given by

U(a) =) Tg(as) (2.10)

SCN

Q

Ui’s characterisation of exact potential games is rather useful to construct potential functions for various
games by introspection of the payoff functions. I explore two examples of well-known exact potential games,

using Theorem 2.5.

Example 2.7 Cournot Oligopoly

Consider a Cournot oligopoly, which generalises the linear duopoly considered in the previous chapter. For this
let N = {1,...,n} be a finite set of firms. The cost of producing ¢; is given by ¢;(¢;) > 0, where ¢; is any
monotone increasing function on R. Each firm ¢ € NN strategically selects an output level ¢g; > 0 with a total
market supply of Q = .y G

Assuming that the inverse market demand function is linear and given by P(Q) = a — SQ, we arrive at a profit

function for each firm ¢ € NN as

Ti(qr ) = P@)gi —cilg)) = [ a =B a5 | @ — cilw)

JEN

3For an introduction to cooperative game theory and its main methods and solution concepts I refer to Gilles (2010).

41 do not explore the details of Ui’s analysis here, since this would take us into cooperative game theory, which is not the focus of the
present text. See Ui (2000) for an exposition.

10



2.2 Characterisation of exact potential games

From this, with Ui’s characterisation in mind, we can now decompose each firm’s profit function into interaction

potential elements:

Ti(q1 ) = Y (—Ba;ai) + (agi — Be} — (@) = D Vil ai) + Vilai)
j#i J#

where ¥;i(q;,q;) = —Bqgiq; and ¥;(q;) = ag — Bq? — ¢i(g;). Clearly, the Cournot oligopoly fulfils the
conditions of Theorem 2.5 and, therefore, is an exact potential game. Furthermore, its potential function is
given by

U(g,.ntn) = Y. Vilang)+ Y Vila) =aQ -8 > aig— Y cila)

i,jEN: i] ieEN i,jEN ieN

It can be concluded that Ui’s characterisation is a very useful tool if one can easily decompose individual payoff
functions in clearly delineated interaction potential elements. The exact potential then follows quite straightfor-
wardly. ¢

The next example considers the public-good provision game. Such games may be highly non-continuous, so the
Monderer-Shapley characterisation is unavailable—whereas Ui’s characterisation applies without difficulty.

Example 2.8 Collective good provision game

Consider an association of n members that provide a collective good to the members through voluntary contri-
butions. Let x; > 0 be the contribution of member 7 and let X = Z?zl x; be the total contribution collected.
Now we assume that the association provides the collective good to the members if and only if X > X > 0,
where X expresses a minimum level of contributions before provision is agreed.

Each member has individual preferences over the collective good provided, which are expressed in monetary
terms, i.e., as a willingness to pay. Let the willingness to pay be a monotone function w;: Ry — R with
w;(0) = 0.

Now, each member’s payoff from collective good provision can be described by

wilX) -2 ifX>X
(X1, o, Tp) = '
—x; otherwise
It is easy to see that this payoff function is decomposable as 7;(z1, ..., x,) = Y (z1,...,2y) + Vi(z;) if and
only if w; = wj for all 7, j € N. In that case, we can define ¥;(x;) = —z; and
T ) w(X) ifX>X
Tl .nn,Ty) = )
A " 0 otherwise
where w = w; = - - - = w,. In that case, an exact potential is given by

\I/(.Z'l, .. .,xn) = \I/N<l'1, ce ,.%'n) + Z\Ijl(xl) =

i€EN

wX)-X ifX>X
-X otherwise

This example illustrates the usefulness of Ui’s characterisation for games with non-continuous payoffs. ¢

11
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2.2.3 Sandholm’s characterisation

Sandholm (2010) introduced a characterisation of exact potential games that simultaneously provides a test
whether a given game has an exact potential. The method was extended by Hwang and Rey-Bellet (2020); the
resulting Sandholm-Hwang-Rey-Bellet approach—or, for short, Sandholm’s characterisation—is the subject of
this section. We follow the exposition of Hwang and Rey-Bellet (2020).

Considering a Euclidean pre-game (N, A) with compact action sets A; C R for all players i € N, we
might assume that for every player 7 € IV the action set can be endowed with a standard measure. Given that
A; is compact, it follows that A; is a finite measure on the standard Lebesgue measure space restricted to A;.

Now, if A; is finite, this measure would be the counting measure, putting an equal weight on each action.
Similarly, if the compact action set A; C R¥i is infinite, we can impose the standard Lebesgue measure on A;.
We denote this standard measure by )\; for player i € N.

For every player i € N, we introduce the expectation operator £ : R® x A — R as the function that
assigns for every action profile a € A the subjective (partial) expected value of a measurable function or
stochastic variable f: A — R in a over the i-th dimension defined by

&(f, )d\ €R @2.11)

Note that this expectation operator is a linear functional or map on the Euclidean space R x A.

The following characterisation of Euclidean exact potential games follows from Proposition 2(i) as formu-
lated and proved by Hwang and Rey-Bellet (2020). For this characterisation the standard identity operator Z on
RA x A is defined by Z(f,a) = f(a).

Theorem 2.6 (Hwang and Rey-Bellet , Proposition 2)

The Euclidean game I' = (N, A, ) is an exact potential game if and only if for all players i,j € N :
(I—Ei)(Z—Sj)(m—Trj)zo (212)QQ

If A is finite and A is the counting measure on A, we can rewrite Theorem 2.6 to arrive at the condition of
Sandholm (2010). We can express this as follows for a two-player game, using the formulation of Hwang and
Rey-Bellet (2020).

Corollary 2.2 (Sandholm’s characterisation for 2-player games)

LetT' = (N, A, ) be a finite game with N =

T = { Qi }hey, lea, and w2 = {Bri}heA,, 1eA;-
' is an exact potential game if and only if for all (h,l) € A1 x Ay:

1
e !A1! 2, o " T4l Z |A \|A2\ 2 (mp) € Acmp

meA;

| = k1, |A2| = ko, and payoff representation

= B — ‘A’ZBml Z/Bhp |A‘|A’Zmp€A/8mp

meA;

The Corollary follows immediately from rewriting (2.12) for two players as

5The different nature of an action set, even in a Euclidean game, necessitates the use of individualised measures on action spaces.
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2.2 Characterisation of exact potential games

(I — & — &+ 8152)71’1 = (I — & — &+ 8152)7@
The expression above makes it easy to test whether a finite two-player game is an exact potential game.

2.2.4 Application: Networked Cournot oligopolies

The characterisations developed above help us identify which interactive decision situations are potential games.
In this section we apply them to an economically interesting class: oligopolies operating in competitive networks.

One of the most fruitful applications of exact potential games lies in industrial organisation, centred on the
basic Cournot oligopoly model of Chapter 1 (Example 2.7), which serves as the quintessential exact potential
game in the literature.

Following Ederer and Pellegrino (2025) and Pellegrino (2025), we extend the basic model to multi-interactional
Cournot oligopolies combining market interactions with financial relationships. Since both interactions are nat-
urally represented as networks, we refer to these situations as networked Cournot oligopolies. Cao, Li, and
Zhu (2025) develop the essential form of this class and show that it is an exact potential game, so that the full

machinery of potential game theory can be brought to bear on them.

A network Cournot oligopolistic model We develop the model as presented and analysed by Cao, Li, and
Zhu (2025). We consider n firms that operate in a homogeneous good market and compete in this market through
strategic selection of output quantities a la Cournot. For each firm ¢ € N = {1,...,n} we denote its output
level by g; € A; = [0, 00), resulting in a strategy tuple ¢ = (q1,...,qn) € A =R}

The total output that is brought to market is now derived as () = . ¢;. We use the standard linear
market demand model, represented by a inverse demand function p = a — 5@, where o, 5 > 0.° We make the
simplifying assumption that production does not result in costs. Hence, the cost functions in this oligopoly are

set to zero. This, in turn, implies that the net earnings of firm 7 € IV are given by

Ei(q) = (o= BQ)gi (2.13)

We next introduce the second relationship between firms that is represented as an ownership network A =
[0i7]i je n—also referred to as the “cross-holding network™ by Cao, Li, and Zhu (2025). Clearly A is an n X n-
matrix in which d;; € [0, 1] denotes the ownership of firm j in firm 7. Excluding outside ownership, this neces-
sarily implies that the full ownership of each firm is divided among all n firms: Foreveryi € N: ) jEN 0i5 = 1.
Finally, we make the hypothesis that each firm retains a controlling ownership of their own operations, implying
that 6;; > % forallz € N.

From the ownership network A we can now also derive an n x n influence network W = [wj;; jen defined
as w;j; = 04+ 0;; as the total fraction of shares held by firm i € IV of itself as well as firm j. Note that w;; = 20;;
and that in general w;; # wj;.

These modelling assumptions now result in the game-theoretic payoff structure. In particular, we implement
the simple rule that ownership directly results in dividend payments. Thus, each firm pays out its full profits
as dividends that are distributed according to the ownership of that particular firm. Therefore, firm j collects a

fraction d;; of the earnings E;(q¢) of firm ¢. This is summarised in the resulting game-theoretic payoffs of firm

®We conclude from this that the effective range for the total market output is 0 < @ < %
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2.2 Characterisation of exact potential games

= 5 Ei(a) = (a—BQ) Y §jiq; (2.14)
JEN JEN
We can rewrite the payoff or profit function in terms of the interaction matrix W instead of the ownership matrix
A. This can be stated as follows.

For every v € N, m; is quadratic in q, linear in W and can be written as

mi(q) = (o — BQ) Z Wij g — 20 (2.15)
jEN 0
Proof Consider that for any i, j € N we have that w;; = d;; + J;;, implying that 6;; = “5*. Therefore,
mi(q) = (= BQ) > bjig;
jeN
= (Oé - BQ) Z (51,1 + 5]1 Z i q;
| JEN JEN
=(@-8Q) | > wijg—"4Q
| jEN
This shows the assertion of the lemma. q

The next result ties the model together as an exact potential game. The proof uses the Monderer-Shapley char-

acterisation (Theorem 2.1) and checks the second derivative of the payoff function.

The network Cournot oligopoly model is an exact potential game if and only if for all firms i,j €

N : w;j = wy;. In that case, a corresponding potential function is given by

—aY Sa-BY. Y wya (2.16)

ieEN €N jEN

Q

. .. . 2, . 2. .
Proof Consider ¢,7 € N. Using Theorem 2.1, we check that a‘z,gg, = 783 'g; -. For that purpose, we compute
1045 5 7

the regular derivative:

aTrZZ_B( ”Z%)"‘(@—ﬁZ%) <wu_7ii)
heN heN

heN
Wi
=a — 8 > wingn
heN
and, subsequently, we compute
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82 W Wi
9¢;0q; =5 ( w”) + 7(_5)

= _/Bwij
This implies that, indeed, the networked Cournot oligopoly model is an exact potential game if and only if
wi; = wy; for all firms 4,5 € V.

To check that the proposed function P is indeed a potential function of the networked Cournot oligopoly model

we only have to check that forall 7 € N: g; = g’” This is quite easy to verify and we leave this task to the

K3

interested reader. q

2.3 Determining exact potential functions for games

The previous section considered various methods for verifying whether a game has an exact potential. Several of
these characterisations are impractical as tests, and most are poorly suited to actually constructing the potential
function for a given game.

The main exception is the method of Monderer and Shapley (1996) for smooth games. When payoft func-
tions are smooth, the fundamental theorem of line integrals yields an integral formula for the exact potential, as

follows.

Theorem 2.7 (Monderer and Shapley ( , Theorem 4.5))

Let I be a smooth game such that characterisation (2.5) stated in Theorem 2.2 holds, then for every fixed

action profile a® € A, we can construct an exact potential function for I' by

om;
/ Z{ “(v(8)) it )\] dt (2.17)
1EN
where : [0,1] — A is a piecewise continuously differentiable path with v(0) = a® and (1) = a. O

The formula in Theorem 2.7 remains rather opaque and is not always easy to apply, even for smooth games
satisfying Theorems 2.2 or 2.4. The next example illustrates the computation on a simple smooth exact potential

game.

Example 2.9 Consider a simple two-player game with A1 = Ay = Ry = [0, co) and payoff functions given by

m(z,y) = 2°y* — 3oy + 2° + ¢
ma(z,y) = 2%y — 3zy

We first establish that this game indeed is an exact potential game using Theorem 2.2. For that purpose we

compute the required derivatives:

87['1 2 827'(1

o zy” — 3y + 2z Dy xy — 3
0 d%my

= =22%y -3 =4y —3
oy vy 0xdy vy
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2.3 Determining exact potential functions for games

This implies that this game indeed has an exact potential according to the Monderer-Shapley criterion. Next we
compute the exact potential function by using the formula stated in Theorem 2.7. It is usually the easiest to take
the linear path from standard anchor point (0,0) and (z,y). Hence, we select y(t) = (tx,ty) for ¢ € [0, 1].
Therefore, 7/(t) = (x,y). Now, we know that

L/ or orn
- /187”@ ty) dt + /187”@ ty) dt
_xoax z,ty yoay xz,ty

1 1
= x/ [2xy2t3 — 3yt + 2xt] dt + y/ [2x2yt3 — 33:15] dt
0 0

= [%xyzt‘l — %yt2 + mtz]é +y [%xzy# - %$t2](1)

= (3ay° = Sy + o) +y (329° - )
= 2%y* — 3wy + 2°
It is indeed easy to verify that the constructed function ¥ is an exact potential function for this game. ¢

An alternative approach to the issue of determining the exact potential function for a game has been developed by
Arefizadeh, Nedi¢, and Dasarathy (2024). Throughout the discussion in this section we let again I" = (IV, A, )
be a Euclidean game with A; C R¥ and k = Y,y ki.

Definition 2.2

Let a,b € A be two action tuples in the game I'. We define the path potential of the Euclidean game T’

from a to b to be given by the difference function ¢: A?> — R as the difference value of the payoffs on the
path from a to b defined by

n

<p(a, b) = Z [ﬂ'i(bl, 5000 bi, Ai41y- - - ,an) — Wi(bl, 000y bi—h QAiy e vy an)] (2.18)
i=1
The path potential @ of T is also denoted as pr. &

The path potential of a game I" refers to the total of the payoff differences along a fixed path from a given action
tuple a € A and an action tuple b € A. In this particular path, each player i € N is sequentially moving from
a; to b; in the order of the player set V. The path potential is non-trivial for each game that is not a dummy
game.

For the next proposition, recall that a player ¢ € N in the game I' is non-effective if for every action tuple
a € A: mi(a) = fi(a—;), i.e., the payoff of player i is independent of i’s own strategic choice. The game I is a
dummy game if every player 7 € N is non-effective, and effective otherwise—i.e., if at least one player’s payoff

depends on her own action.

Proposition 2.2

LetT = (N, A, ) be an effective Euclidean game such that 0 € A C RE. Then the path potential ¢ of

I is non-trivial in the sense that there is at least one action tuple a € A such that (0, a) # 0.

)
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2.4 The potentialness of games

The path potential is straightforward to compute. The next result links it to the exact potential of a Euclidean
game under mild conditions and thus provides a workable route to the exact potential function. It slightly
extends Arefizadeh, Nedi¢, and Dasarathy (2024, Theorem 6) by removing the requirement that all action sets

are symmetric.

Theorem 2.8

LetT' = (N, A, ) be an effective Euclidean game such that 0 € int A C R,

Then I is an exact potential game if and only if for I'’s path potential it holds that for all action tuples
a,be A:

v(a,b) = ¢(a,0) + ¢(0,b) as well as v(a,0) = —¢(0,a). (2.19)

Furthermore, an exact potential ¥ of T is given by V(a) = ¢(0,a) = —p(a,0). O

We explore next the effectiveness of the approach founded on the path potential to identify an exact potential
function for some given game. The next example takes the game considered in Example 2.9 and applies the path

potential approach to it.

Example 2.10 Consider the two-player game from Example 2.9 with A; = A = Ry and

mi(x,y) = x2y2 — 3zy + 22+ y2
ma(z,y) = %y* — 3ay

We can now establish that this game’s path potential is given by

e((z,y); (v,w)) = m(v,y) = mi(z,y) + m2(v,w) — m2(v,y)
= (v*? = 3vy +v* +4y?) — (2%® — 3wy + 2® + 92 )+
+ (v*w? = 3vw) — (v*y? — 3uy)
= v2w? + v — 3vw — 2%y? — 2% + 3zy

=021 +w?) = 3vw — 22(1 + %) + 3y

This implies that
p((x,9);0) = —2*(1 +y?) + 3y
©(0; (v, w)) = v*(1 4+ w?) — 3vw

It is easy to see that ¢((z,y); (v,w)) = ¢((#,);0) + ©(0; (v,w)) and that ¥(z,y) = —¢((z,y);0) =
22(1 4+ y?) — 3xy. It is clear that this approach is easier to work through than the Monderer-Shapley path
integral formula. ¢

2.4 The potentialness of games

The preceding sections developed several characterisations of exact potential games, each of which provides a

sharp test: a game either possesses an exact potential or it does not. In practice, however, this dichotomy is rather
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2.4 The potentialness of games

limiting. Many games of considerable importance in economic applications—such as auctions and contests—are
not exact potential games, yet experimental evidence shows that standard learning dynamics frequently converge
to Nash equilibrium in these games all the same. This raises a natural question: can we measure how “close” a
given game is to being a potential game, and does such a measure help predict whether convergence will occur?
I now turn to a framework that addresses this question for finite normal form games. The approach rests
on a combinatorial decomposition of games seminally introduced by Candogan, Menache, et al. (2011), who
showed that any finite game can be resolved into a potential component, a harmonic component, and a non-
strategic component. The potential component captures the part of the game’s strategic structure that behaves
like a potential game; the harmonic component captures the part that is, in a precise sense, maximally opposed
to potential behaviour—exhibiting cyclical strategic incentives. The non-strategic component affects neither the
game’s equilibrium structure nor the players’ payoft differentials, and is therefore strategically irrelevant.
Building on this decomposition, Candogan, Ozdaglar, and Parrilo (2013a,b) studied the long-run behaviour
of dynamics in near-potential games, and Bichler et al. (2025) introduced a scalar measure of potentialness that
quantifies the relative weight of the potential component. I present this measure here and establish its basic
properties. The development requires some combinatorial and algebraic tools, which are collected in the next

mathematical notes.

Mathematical notes The decomposition of Candogan, Menache, et al. (2011) is grounded in combinatorial
Hodge theory, a branch of algebraic topology concerned with decomposing functions on graphs and simplicial
complexes into gradient, harmonic, and divergence-free parts. I restrict myself here to the minimal apparatus
needed for finite games, for a comprehensive treatment of the underlying mathematics, I refer to Munkres (1984)
and Jiang et al. (2011).

The response graph of a finite game  Consider a finite normal form game ' = (N, A, m)y with N = {1,...,n}
players and finite action sets A; for each player i € N. Recall that A = [, A; denotes the set of all action
profiles, and write |A| for the total number of action profiles.

A pair of action profiles (a,a’) with a,a’ € A is called a unilateral deviation if a and o' differ in the action of
exactly one player: there exists a unique i € N such that a; # a} and a; = a;. for all j # i. Denote the set of
all unilateral deviations by E.

The response graph of the game is the graph with one node for each action profile a € A and one edge for
each unilateral deviation (a,a’) € £.7 Edges are oriented: the deviation (a,d’) is directed from a to o', and

reversing the orientation negates any associated quantity.

Chain groups and flows On the response graph, one defines two vector spaces that serve as the algebraic
foundation for the decomposition. The vertex space Cy == RIAl consists of all assignments of a real number to
each node (action profile) of the response graph. The edge space C = RI€! consists of all assignments of a real
number to each oriented edge (unilateral deviation); an element of C is called a flow on the response graph.®

Both Cy and C are endowed with the standard Euclidean inner product, denoted (-, -)o and (-, )1, respectively.

The induced norms are written as || - ||o and || - ||1, or simply || - || when the context is clear.

"The response graph and its properties are studied in detail in Biggar and Shames (2023).

8In the language of algebraic topology, C and C| are the chain groups of the simplicial complex formed by the response graph; see
Munkres (1984) for further details.
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The gradient and divergence maps Two linear maps between Cy and C play a central role.

The gradient map dy: Cy — C takes a vertex assignment V € Cy and produces the flow dyV € Cy defined by

(do¥)(a,a’) = ¥(a') — ¥(a)

for every oriented edge (a,a’) € E. Thus, dy computes the difference of a vertex function along each edge,
exactly as a discrete gradient does.’
The divergence map 01 : C1 — Cy is the adjoint of the gradient map with respect to the inner products on Cy

and C1, meaning that

(X,doW); = (01X, V)

forall flows X € C and all vertex assignments ¥ € Cy. Since both spaces are finite-dimensional and endowed
with the standard Euclidean inner product, the divergence map is represented by the transpose of the matrix

representing dy.

Orthogonal projection onto gradient flows A flow X € C that lies in the image Im dy of the gradient map—
that is, X = doV for some ¥ € Cy—is called a potential flow or gradient flow. A flow X € C that lies in the
kernel ker Oy of the divergence map is called a harmonic flow.'?

Since Im dg and ker 0y are linear subspaces of C1, one can form the orthogonal projection of any flow onto
each subspace. The orthogonal projection onto Im dy is the linear map e: C7 — C given by e = dodo, where

do: C1 — Cy denotes the Moore—Penrose pseudo-inverse of the gradient map.'" (Il

With the algebraic apparatus in hand, I now develop the game-theoretic content of the decomposition. The
central idea is to represent a game not by its payoff functions directly, but by the payoft differences associated
with unilateral deviations. This representation captures all strategically relevant information: two games with
identical payoff differences across all unilateral deviations share the same set of Nash equilibria, even if their

payoft levels differ Candogan, Menache, et al. 2011.

Definition 2.3

LetT' = (N, A, ) be a finite normal form game. The deviation map of T is the linear map D: U — C

from the space U of payoff profiles to the edge space C', defined by

(D7)(a,a’) = ms(a’) — mi(a) € R (2.20)

for every unilateral deviation (a,a’) € &, where i € N is the unique player whose action differs between

a and a'. The image Dm € C is called the deviation flow of the game. &

The deviation flow assigns to each edge of the response graph the payoft difference experienced by the deviating
player. It is through this flow—rather than through the payoff functions themselves—that the strategic struc-
ture of a game is most transparently expressed. Indeed, games whose deviation flows coincide are said to be

strategically equivalent, since they share the same best-response structure and Nash equilibria.

The gradient map is an instance of a coboundary map in the theory of simplicial complexes; see Munkres (1984).
10The use of the term “harmonic” originates in combinatorial Hodge theory; see Jiang et al. (2011) for a concise development.

'] refer to Golan (1992, Chapter 3) for a treatment of the Moore—Penrose pseudo-inverse in the context of linear algebra.
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The image of the deviation map, Im D C (7}, defines the subspace of feasible flows: flows that can arise
as the deviation flow of some game. Not every flow in (7 is feasible; feasibility imposes structural constraints
reflecting the combinatorics of multi-player interaction.

Having introduced the deviation map, we can now provide a concise characterisation of potential games
in the language of flows. Recall from the definition of an exact potential game—equation (2.1)—that a game
I' = (N, A, ) is an exact potential game with potential function ¥: A — R if every player’s payoff differences
from unilateral deviations coincide with the corresponding differences in ¥. Comparing this with the definitions

of the deviation map D and the gradient map dg, we arrive at the next result.

Proposition 2.3

A finite game T’ = (N, A, ) is an exact potential game with potential function ¥V if and only if D = dy'V. .

Proof LetI' = (N, A, ) be an exact potential game with potential function ¥. Then for every unilateral

deviation (a,a’) € £ with deviating player ¢ € N, the defining property (2.1) gives
(Dr)(a,a’) = mi(a’) — mi(a) = ¥(d') — ¥(a) = (do¥)(a, a’)

so that D = dyW.

Conversely, suppose that Dm = dyV for some ¥ € Cp. Then for every player ¢ € N and every unilateral
deviation (a,a’) € € acted by ¢,

mi(a’) = mi(a) = (Dm)(a,a’) = (do¥)(a,d’) = ¥(a') — ¥(a)
which is exactly the defining property of an exact potential game. q

Proposition 2.3 tells us that a game is an exact potential game precisely when its deviation flow is a gradient
Sflow—that is, when D7 € Im dy. The space of potential games is therefore characterised by the linear subspace
D1 (Im do) cUu.

2.4.1 Harmonic games

In contrast, games whose deviation flow is harmonic—that is, D € ker 01—are called harmonic games. These
games represent the strategic opposite of potential games. In a potential game, individual incentives are perfectly
aligned with a single global objective. In a harmonic game, incentives are purely cyclical: the payoft differences
along unilateral deviations circulate without admitting any consistent ranking of action profiles.

The condition D7 € ker 01 admits a revealing restatement directly in terms of payoff increments at each ac-
tion profile. Recall that the divergence 0; is defined as the adjoint of the gradient map dy. Applied to a deviation
flow D, it produces a vertex function 9; D € Cjy whose value at each action profile @ € A aggregates—with
signs determined by the adjoint relationship—the deviation flow along all edges incident to a in the response
graph. Unpacking this adjoint yields a concrete, finite-dimensional condition on payoffs, as the next proposition

shows.!?

2The result is due to Candogan, Menache, Ozdaglar and Parrilo (2011); see also Abdou, Pnevmatikos, Scarsini and Venel (2022) for a
complementary development of game decompositions and their strategic interpretation.
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Proposition 2.4 (Candogan, Menache, Ozdaglar and Parrilo, 2011)

A finite normal form game I' = (N, A, ) is harmonic if and only if for every action profile a € A:

Z Z [mi(a}, a—;) — mi(a) ] = 0. (2.21)

1EN a;EAi

[ )

Proof LetI' = (N, A, ) be a finite game. By definition, I is harmonic if and only if 9y Dm = 0 in Cj, which
holds if and only if (01 D7)(a) = 0 for every action profile a € A. It therefore suffices to compute (01 D7)(a)
explicitly.

Denote by e, € Cj the indicator function of a—the vertex assignment that takes value 1 at ¢ and 0 at every

other profile. Using the adjoint characterisation of 0;:

(81D7r)(a,) = <81D’/T, €a>0 = <D7T, d0€a>1

Now (doea) s,y = €a(b') — eq(D) vanishes unless exactly one endpoint of the edge (b, V') equals a, in which
case it is +=1. Hence the inner product (D, dpe,)1 reduces to a signed sum of the deviation flow along the
edges incident to a. Substituting (D7) 4,4y = mi(a’) — m;(a) for the unique deviating player i and absorbing

the overall sign into the vanishing condition, we obtain

@1Dm)(a)=> " > [mlaj,a) —mi(a)]

1€N al€ Ay, alFa;

The restriction to a; # a; may be dropped without affecting the sum, since the term with a] = a; contributes
zero. Therefore (01 D)(a) = 0 for every @ € A if and only if condition (2.21) holds. q

Proposition 2.4 provides a concrete, payoft-level characterisation of harmonic games: at every action profile,
the fotal unilateral improvement summed over all players and all alternative actions is exactly zero. The gains
realisable through some deviations are precisely offset by the losses entailed by others. This is an extremely
stringent condition, and in practice only games exhibiting substantial symmetry in their payoff structure satisfy
it.

Example 2.11 Consider the classical Matching Pennies game with N = {1,2}, A} = Ay = {H, T}, and the

zero-sum payoff structure

H T
H|1,-1|-11
T|-1,11, -1

Player 1 receives payoff 1 when both players select the same action and payoff —1 when their actions differ;
player 2 receives the opposite payoffs. The game is zero-sum, admits no pure Nash equilibrium, and possesses
a unique completely mixed Nash equilibrium in which each player randomises uniformly over {H, T'}.

We verify that Matching Pennies is a harmonic game by checking the characterisation (2.21) at each of the
four action profiles. Consider first (H, H). Each player has only one alternative action available, so the sum in

(2.21) contains exactly two non-zero terms:
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Player 1 deviatesto T: m(T,H)—-m(HH)=-1-1= -2
Player 2 deviatesto T:  my(H, T) — m(H,H) =1 — (—1) =42

The two increments sum to zero, verifying the harmonic condition at (H, H). Analogous computations at each
of the three remaining profiles yield zero as well; this is easy to check. Hence 9; Dm = 0, so Matching Pennies
is a harmonic game. By part (c) of Proposition 2.5 we conclude that P(I") = 0.

The harmonic nature of Matching Pennies is accompanied by the cyclic structure of its deviation flow.
Arrange the four action profiles into the closed cycle

(H,H) — (T'H) — (T,T) — (H,T) — (H,H)

in which each arrow represents a unilateral deviation by a single player. The deviation flow along the four edges

of this cycle takes the values

respectively, summing to —8 # 0 around the loop. This non-vanishing cycle sum rules out the existence of an
exact potential function: were I" an exact potential game with potential ¥, then by Proposition 2.3 the flow values
along any closed cycle would telescope to zero, since each edge value W(a') — ¥(a) would be cancelled by the
corresponding value along the return path. The example thus exhibits the characteristic dichotomy of harmonic
games: local conservation of payoff increments at every vertex coexists with global circulation around closed

cycles, leaving no room for a consistent global potential. ¢ ¢

Legacci, Mertikopoulos and Pradelski (2024) show that exponential weight dynamics—perhaps the most widely
studied family of no-regret learning algorithms—exhibit quasi-periodic, non-convergent behaviour (Poincaré

recurrence) in every harmonic game.

2.4.2 The Potential-Harmonic Decomposition Theorem

The fundamental result that connects these two classes of games—exact potential games and harmonic games—

is the combinatorial Hodge decomposition of feasible flows, established by Candogan, Menache, et al. (2011):

Theorem 2.9 (Candogan, Menache, et al. )

LetT = (N, A, 7) be a finite normal form game. The space of feasible flows decomposes as the orthog-

onal direct sum

Im D = Imdy @ ker 0, (2.22)

Equivalently, the deviation flow Dt of any finite game admits a unique decomposition

Drm = D7np+ Dry (2.23)

where Dp = e D € Im dy is the orthogonal projection of Dt onto the space of potential flows, and

Dy € ker 0y is the orthogonal projection onto the space of harmonic flows.

Q
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2.4 The potentialness of games

The decomposition of flows in (2.22) induces a corresponding decomposition in the space of payoff profiles.
Candogan, Menache, et al. (2011) show that the payoff function 7 of any finite game can be uniquely written as

T=T7p+7Ty+TK (2.24)

where 7p is a normalised potential game, Ty is a normalised harmonic game, and T is a non-strategic or
“dummy” game.'> The non-strategic component 7 has zero deviation flow and therefore affects neither the
Nash equilibria nor the unilateral payoft differences of the original game. The potential component 7wp is,

moreover, the potential game that is closest to 7 in the Euclidean sense Candogan, Menache, et al. 2011.

Example 2.12 Consider Shapley’s game, a two-player game in which each player has three actions, A; = Ay =
{1,2, 3}. The payoff matrices are given by

1] 2| 3
1,0]0,0]0,1
0,1]1,0/0,0

3(0,0[0,1|1,0

Player 1 receives a payoft of 1 when both players choose the same action, and 0 otherwise. Player 2 receives a
payoff of 1 at the action profiles (1, 3), (2, 1), and (3, 2), and 0 otherwise—reflecting a cyclical mismatch incen-
tive. This game has no pure Nash equilibrium and admits only a unique completely mixed Nash equilibrium.

Applying the decomposition (2.24), we obtain the following components. The potential component is:

1 2 3
- 0.17, 017 | —0.33, —0.33 | 0.17, 0.17
= 0.17,0.17 | 017, 0.17 | —0.33, —0.33
3| -033 —033| 017,017 017,017

We note that the payoffs of the two players are identical in every cell, confirming that 7p is indeed a potential

game. The harmonic component is:

1 2 3
1050, -0.50 | 0.00, 0.00 | —0.50, 0.50
= —0.50, 0.50 | 0.50, —0.50 | 0.00, 0.00
0.00, 0.00 | —0.50, 0.50 | 0.50, —0.50

The harmonic component exhibits the antisymmetric payoff structure characteristic of a zero-sum-like game:
what one player gains, the other loses. The remaining non-strategic component assigns the constant payoff % to
each player in every cell, contributing nothing to the strategic structure of the game.

Shapley’s game is neither potential nor harmonic, but it is much closer to being harmonic than to being potential.
The potentialness of this game, as defined below, is P(I") ~ 0.36. ¢

B A game (N, A, ) is non-strategic if D = 0, which holds if and only if every player is indifferent among all of her available actions for
every fixed choice of the opponents; see Candogan, Menache, et al. (2011) for a full development. The normalisation selects a canonical
representative from each class of strategically equivalent games.
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2.4 The potentialness of games

The decomposition of Theorem 2.9 makes it possible to quantify the relative weight of the potential component
of any finite game. The next definition, due to Bichler et al. (2025), introduces a normalised measure that maps
this relative weight to the unit interval.'*

Definition 2.4

LetT' = (N, A, ) be a finite normal form game with deviation flow decomposition Dt = Dnp + Dy

as in (2.23). The potentialness of I is the real number

|Dp]
P(T) :=
) = TDrel + 1Dmal

(2.25)

where || - || denotes the Euclidean norm on C1.*

“The definition presupposes that the deviation flow D7 is non-zero, so that the denominator || D7p|| + || Dmw|| is positive.
If Dm = 0, the game is non-strategic and every player is indifferent among all available actions; in this degenerate case the
potentialness is not defined, since there is no strategic content to decompose.

&

The potentialness of a game measures the fraction of its strategic content—as captured by the deviation flow—
that is attributable to the potential component. A game whose strategic structure is entirely potential-like has
potentialness equal to one; a game whose strategic structure is entirely harmonic has potentialness equal to zero.

The next proposition, due to Bichler et al. (2025), formalises these boundary cases.

Proposition 2.5

LetT = (N, A, 7) be a finite normal form game. The potentialness P(T') satisfies:

(@ P(I') e]o,1];

(b) P(T') =1 ifand only if I is an exact potential game;

(¢) P(T') =0ifand only if T is a harmonic game.

Proof Consider the game I' = (N, A, 7) and its decomposition D7 = D7p + Dryy.

Proof of (a). Since norms are non-negative, both || Dmp|| and || D7g|| are non-negative. Hence the ratio in
(2.25) lies in [0, 1].

Proof of (b). We have P(I") = 1 if and only if || D7y || = 0, which holds if and only if D7y = 0. In that case,
Drm = Dnp + Drg = Drp € Imdy, so that D = dgV for some W € Cj and the game is an exact potential
game by Proposition 2.3.

Conversely, suppose I is an exact potential game with potential ¥. Then Dw = dg¥ € Imdy. Since D7p is
the orthogonal projection of D7 onto Im dj, and D7 already belongs to Im dp, the projection leaves it invariant:
Dnp = Drn. Hence Dy = D — Drp = 0, so | Dry|| = 0and P(I") = 1.

Proof of (c). We have P(I') = 0 if and only if || Dmp|| = 0, which holds if and only if D7p = 0. In that case,
D7m = Dry € ker 0; and the game is harmonic by definition.

Conversely, if I' is a harmonic game then D7 € ker 0;. By an argument analogous to the one in assertion (b),

the projection onto the harmonic subspace leaves D invariant, giving D7y = D7 and hence Drp = 0.

'“The definition is closely related to the maximum pairwise difference §(w,wp) = ||Dm — Dzp|| = ||Dmg|| introduced by Candogan,
Ozdaglar, and Parrilo (2013b) as a measure of distance from a game to its nearest potential game. The potentialness P(I") normalises
this distance into a dimensionless ratio.
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2.4 The potentialness of games

The properties stated in Proposition 2.5 confirm that potentialness provides a meaningful and well-calibrated
measure of proximity to the class of exact potential games. In particular, potentialness depends only on the devi-
ation flow D7 and is therefore invariant under the addition of non-strategic components: strategically equivalent
games have identical potentialness.

To illustrate the discriminating power of this measure, I note that the Prisoners’ Dilemma—an exact poten-
tial game, as demonstrated earlier in this chapter—has potentialness P(I') = 1. The Battle of the Sexes, which
is not an exact potential game but possesses pure Nash equilibria and exhibits convergent learning dynamics,
has a potentialness of approximately 0.94. Matching Pennies, a zero-sum game with only a mixed Nash equi-
librium and non-convergent dynamics, is a harmonic game with P(I') = 0. Shapley’s game, as computed in
Example 2.12 above, has P(T") ~ 0.36.

These values suggest that potentialness captures meaningful structural differences between games. Bichler
et al. (2025) provide extensive numerical evidence that potentialness serves as a strong predictor both for the
existence of strict pure Nash equilibria and for the convergence of no-regret learning dynamics in finite games.
In random matrix games, they find that games with potentialness below 0.4 rarely exhibit convergent dynamics,
while games with potentialness exceeding 0.6 mostly do. In economically motivated games—such as first- and
second-price auctions, Tullock contests, and all-pay auctions—potentialness characterises the observed differ-
ences in convergence behaviour: all-pay auctions, which have very low potentialness and only mixed equilibria,
are resistant to learning, whereas first- and second-price auctions and contests, which have substantially higher
potentialness, admit convergent dynamics.'>

The potentialness metric thus provides an ex-ante diagnostic for the learnability of a game under stan-
dard dynamics, complementing the exact characterisations developed in the earlier sections of this chapter and

offering a more graded perspective on the strategic landscape of finite games.

2.4.3 A parametric family of Cournot-like games with prescribed potentialness

The decomposition of a finite game into potential, harmonic, and non-strategic components provides a con-
structive means of building games with prescribed levels of potentialness. Starting from three “building block™
games—one potential, one harmonic, and one non-strategic—a weighted sum produces a game whose deviation
flow is itself a weighted sum of the three components’ deviation flows. Since the deviation flow of a non-strategic
game vanishes by definition, and the potential and harmonic components of the sum are orthogonal in C1, the
norms in the definition of potentialness (Definition 2.10 in the textbook) satisfy a simple algebraic relationship
that allows the potentialness to be read off directly from the weights.

To illustrate this construction with an economically motivated example, I assemble a two-player, two-action
game in which each component carries concrete economic meaning. The two players are firms operating in a

common market; each firm chooses between a low output level g7, = 1 and a high output level g = 3, so that
A=Ay ={L,H}.

The potential component: a Cournot duopoly The potential component 7p describes the quantity compe-

tition between the two firms in a linear market. The inverse demand function is

p(Q)=a—-0Q witha =10, b =1,

15For a detailed analysis of potentialness in auction games and its relationship to both complete-information and Bayesian settings, I refer
to Bichler et al. (2025).
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2.4 The potentialness of games

where () = g1 + g2 denotes aggregate output. Each firm faces constant marginal production cost ¢ = 2. The

resulting Cournot payoffs are 7 (q;, ¢;) = [p(¢; + qj) — ] gi, yielding the normal form

Lo Hy
mp: Ly | 6,6 |4,12
Hy |12, 4] 6,6

This Cournot duopoly is an exact potential game, with potential function
U(q1,q2) = (a — ) (q1 + q2) — b(gi + &3) — baqug,

as established by Monderer and Shapley (1996). On the action grid { L, H }?, the potential takes the values
v(L,L)=13, Y(L,H)=VY(H,L)=19, Y(H,H)=21.

The unique maximiser of ¥ on { L, H}? is the profile (H, H ), which coincides with the unique strict pure Nash

equilibrium of the Cournot duopoly.'¢

The harmonic component: market interference The harmonic component 7y captures a pattern of strategic
interference that disrupts the coordinated quantity competition of the Cournot game. I model this interference
as a Matching Pennies-style interaction, in which firm 1 benefits from matching firm 2’s output level and firm 2

benefits from mismatching firm 1’s output level:

Lo Hy
T Ly | +1, -1 | -1, +1
Hy | -1, +1 | +1, -1

Economically, this component can be interpreted as capturing an antagonistic market-timing effect: firm 1
prefers to coordinate its output scale with firm 2 (e.g., matching a market leader’s pace), while firm 2 derives
advantage from doing the opposite (e.g., avoiding direct head-to-head scale competition). The zero-sum struc-
ture reflects that this “rivalry” redistributes a fixed quantity of market surplus rather than creating or destroying
it. As established in Example 2.9 of the chapter, this is a harmonic game with P(7g) = 0.

The non-strategic component: a pollution externality The non-strategic component 7 represents acommons-
type externality: each firm’s production pollutes a shared resource input, and the pollution imposes a cost on
the other firm’s operations. Formally, each firm ¢ suffers a loss e g; proportional to the output of its rival, with
e=3:

(g q) = —eq; (1.5 € {12}, i # ).

This gives the normal form

Lo Hy
TR Ly | -3,-3|-9, -3
H, | =3, —9] -9, -9

!6This is the discrete analogue of the familiar Cournot-Nash equilibrium of the continuous game, in which each firm produces its best
response to the other’s output. For the continuous Cournot duopoly with the parameters above, the interior Nash equilibrium quantities
are g7 = g5 = (a — ¢)/(3b) = 8/3, which lies between ¢z, and gz .
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2.4 The potentialness of games

Each firm’s payoft in this game depends only on the other firm’s action; consequently, every firm is indifferent
among its own available actions for every fixed choice of the rival. This is precisely the defining property of a
non-strategic game: D7y = 0. The externality is economically meaningful—it imposes real welfare losses—

but it has no strategic bite, because no firm can affect its own payoff through its own action choice.

The weighted family For non-negative weights «, 5,y > 0 with a + 5 > 0, define the weighted sum
TaBy = QTp+ By + 7K. (2.26)
The deviation flow of 7, 5 4 decomposes as
Dropg~=aDrp+ 3 Drg +vDrng = aDrp +  Dry,

since D = 0. Moreover, Drp € Imdy and Dwy € ker 0; are orthogonal in C; by Lemma 2.7 in the
chapter. It follows that the orthogonal projection of D, g, onto Im dy is precisely o D p, and the projection

onto ker 0; is § Dmy. The potentialness of the weighted game is therefore

a|Drp|
P(rm = , (2.27)
(Fe10) = Dl + B 1Dl
independent of the weight v on the non-strategic component. Direct computation gives
|D7p|l = V62 + 22 4+ 62 + 22 = /80 = 4V/5 ~ 8.944
and
|Drg| = V(—2)2 + 224+ 22 + (-2)2 = V16 = 4.
Consequently, for the family 7, 5, the potentialness reduces to
av/5
P(rapy) = —=— (2.28)

a5+ 6
The weight v drops out entirely—as it must, since potentialness is invariant under the addition of a non-strategic
game—while the ratio 5/« serves as a single continuous parameter that tunes the potentialness from 1 (when
8 =0)to 0 (as o — 0 with 3 fixed).

Numerical illustration Table 2.1 reports the potentialness and the set of pure Nash equilibria of the weighted
game 7, g1 for several representative choices of (c, 3).

Three observations emerge from the table.

First, at (o, 8) = (1, 0) the weighted game reduces to the Cournot duopoly (up to the non-strategic pollution
component), which is an exact potential game with P = 1 and a unique strict pure Nash equilibrium at (H1, H2).
As the harmonic weight [ is increased while « remains fixed, the potentialness declines monotonically, and the
strict Nash equilibrium eventually ceases to exist.

Second, the transition from existence to non-existence of a pure Nash equilibrium occurs around P ~ 0.4.
For (o, 8) = (1, 3), where P ~ 0.427, a unique pure Nash equilibrium ( H1, Ls) persists; but at (o, 3) = (1,4),
with P ~ 0.359, no pure Nash equilibrium exists at all. This threshold behaviour exemplifies the empirical find-
ing of Bichler, Legacci, Mertikopoulos, Oberlechner and Pradelski (2025) that potentialness below roughly 0.4
is rarely compatible with the existence of strict pure Nash equilibria in random matrix games.

Third, the pure Nash equilibrium shifts as [ increases. In the unweighted Cournot game (i.e., 8 = 0), the

equilibrium is the Cournot-Nash profile (H;, Hs). As the harmonic rivalry strengthens, firm 2’s best response
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2.4 The potentialness of games

a [ P(map1) PureNashequilibria — Strategic character

10 1.000 {(Hy,H2)} pure Cournot; exact potential game

3 1 0.870 {(H1,H2)} Cournot-dominated; SPNE preserved
2 1 0.817 {(H1,H2)} Cournot-dominated; SPNE preserved
1 1 0.691 {(Hi,L2),(H1,H2)} balanced; two SPNE

1 2 0.528 {(H1,L2)} harmonic-dominated; NE shifts

1 3 0.427 {(H1,L2)} harmonic-dominated; NE shifts

1 4 0.359 1%} no pure NE; only mixed

0 1 0.000 0] pure Matching Pennies

Table 2.1: Potentialness and pure Nash equilibrium structure of the weighted game 7, g1 for representative
weights. The empirical threshold at P ~ 0.4, below which pure Nash equilibria cease to exist, matches the
general pattern documented by Bichler, Legacci, Mertikopoulos, Oberlechner and Pradelski (2025) for random
and economically structured games.

changes: at (a, 8) = (1, 2) the unique equilibrium becomes (H7, L2), reflecting that firm 2 now benefits from
mismatching firm 1’s output (as per the harmonic component). For (5 sufficiently large, no profile is mutually
stable, and convergence to any pure outcome is lost entirely.

Concretely, the fully assembled game 71 1 1—equal weights on all three components—has the payoff matrix

Lo H,
m1,1e Ly | +4, +2 | —6, +10
Hi | +8, -4 | -2, -4

with potentialness P ~ 0.691 and two pure Nash equilibria, at (Hy, Lo) and (Hy, Hy). The economic inter-
pretation is intuitive: moderate harmonic interference creates strategic ambiguity—both the Cournot outcome
and the mismatch outcome can sustain themselves—while the pollution externality redistributes welfare without

altering the equilibrium structure.

Interpretation The weighted family constructed in this subsection demonstrates three features of potential-
ness that are central to its use as a diagnostic tool.

First, potentialness is invariant under non-strategic perturbations: the weight v on the pollution external-
ity does not enter formula (2.28). Non-strategic externalities can substantially shift the distribution of welfare
without altering the underlying strategic structure, and this economic fact is reflected in the invariance of poten-
tialness under such perturbations.

Second, potentialness provides a smooth, continuously varying measure of distance from the class of exact
potential games. The transition from a pure potential game (a« = 1,5 = 0, P = 1) to a pure harmonic game
(a=0,8 =1, P = 0) traces out a one-parameter family whose behaviour interpolates monotonically between
the two extremes.

Third, and most importantly, the threshold behaviour of pure Nash equilibrium existence at P ~ 0.4
aligns with the general empirical pattern documented by Bichler, Legacci, Mertikopoulos, Oberlechner and
Pradelski (2025). In this carefully controlled family of games, potentialness acts as a precise predictor of the
equilibrium structure: for P = 0.4, a strict pure Nash equilibrium exists; for P < 0.4, it does not. Although the
specific threshold is tied to the particular components used, the qualitative phenomenon—that low potentialness
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is incompatible with pure-strategy learnability—is remarkably robust.

2.5 Notes

The notion of exact potential developed in Section 2.1 is the strongest of the several flavours of potential game
studied in this book. It delivers the most complete catalogue of consequences — existence of strict pure Nash
equilibria, convergence of best- and better-response dynamics, a direct welfare reading of the potential landscape,
and integrability of the payoff flow — but it is also the hardest property for a game to possess. In these notes
I collect three clarifying strands: Subsection 2.5.1 situates the exact notion within the hierarchy of potential
concepts encountered in the book and articulates the power—restrictiveness trade-off; Subsection 2.5.2 organises
the several characterisations of Section 2.2 into three methodological families; and Subsection 2.5.3 surveys
the principal analytic methods for constructing an exact potential function in practice, supplementing the two

methods presented in Section 2.3.

2.5.1 Exact potentials: most powerful, most restrictive

The defining condition of Section 2.1 requires that a scalar function ¥: A — R reproduce, with sign and
magnitude, every unilateral payoff increment of every player. This is demanding. It fixes not only the direction
of improving deviations — the ordinal content of the game — but also their cardinal magnitudes, and it does so
uniformly across the whole player set.

The remaining chapters of this book will progressively relax this condition. The hierarchy that emerges is

exact C weighted C ordinal C generalised-ordinal C best-response.

Weighted potentials, already introduced by Monderer and Shapley (1996), replace cardinal matching by match-
ing up to player-specific positive multipliers. Ordinal potentials require only sign matching; generalised-ordinal
potentials require sign matching only for payoff-improving deviations; best-response potentials, due to Voorn-
eveld (2000), retain only what is needed to preserve the best-response correspondence. Further relaxations —
pseudo- and quasi-potentials — appear in Dubey, Haimanko, and Zapechelnyuk (2006) and in the semi-tensor-
product literature surveyed in Chapter 4 (see Cheng and Ji 2021). The near-potential games of Candogan,
Ozdaglar, and Parrilo (2013b) and Candogan, Ozdaglar, and Parrilo (2013a) form a continuous relaxation that
is in turn the direct antecedent of the potentialness measure of Section 2.4.

The trade-off is clear in substance. All the flavours above preserve the existence of pure Nash equilibria
on finite action sets, but progressively shed the cardinal welfare reading of the potential, the quantitative rate
estimates for best- and better-response dynamics, the continuity of the potential under payoff perturbations, and
— decisively — the closure under summation. Exact potential games form a linear subspace of the space of
all finite games, a fact on which the orthogonal decomposition of Section 2.4 explicitly relies; ordinal potential
games do not. The restrictiveness of exactness is, in other words, precisely what makes the quantitative theory

of potentialness possible.

2.5.2 A classification of the characterisations of Section 2.2

The characterisations presented in Section 2.2 are often stated successively, as if they were alternative proofs of

a single equivalence. They are equivalent, of course, but they are not of the same kind. Each belongs to a distinct
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methodological family with its own natural domain of application, and the distinction is practically decisive in
applied work.
Family A: differential and integrability-based characterisations.

This family applies to games with smooth payoffs on an open, simply connected subset of a Euclidean

action space. Its two representatives in Section 2.2 are the classical cross-derivative condition

2 2
0°m; 0°m;

8(% 8a]‘ - aaj 8a2~ (Z % j>

of Monderer and Shapley (1996), and its multi-dimensional Euclidean generalisation by Arefizadeh,
Nedi¢, and Dasarathy (2024), which matches off-diagonal Jacobians. Both are restatements of the closed-
ness of the one-form built from the players’ gradient payoffs, and both reduce via Poincaré’s Lemma to its
exactness on the action space. The strength of this family is that it suggests its own constructive compan-
ion — the line-integral formula of Section 2.3 — but it requires C regularity and simple connectedness,
and is silent for finite games.
Family B: combinatorial and decompositional characterisations.

This family applies to finite games without regularity assumptions. Its principal representative in Sec-
tion 2.2 is the characterisation of Ui (2000): a finite game is an exact potential game if and only if every

player’s payoff function admits an expansion

mi(a) = Y or(ar)
&

in terms of interaction potentials ¢7: A7 — R shared across all players in 7'; the potential is then
U(a) = > pcn ¢r(ar). The standard decomposition via dummy games, used repeatedly in Section 2.2,
is a pragmat;c instance of the same principle, restricted to singletons and pairs. Interaction potentials
are recoverable by Mobius inversion on the coalition lattice, and for games of low coalition order the
expansion collapses to a short closed-form expression. The number of coalitions grows as 2V, which
limits the method on large games unless the coalition structure is itself sparse.
Family C: linear-operator and expectation-based characterisations.

This family casts exactness as a vanishing condition in a Hilbert space of payoft flows. The first represen-
tative in Section 2.2 is the characterisation of Sandholm (2010), reformulated operationally by Hwang and
Rey-Bellet (2020): exactness is equivalent to the annihilation of D7 by a specific expectation operator.
The Hodge-theoretic characterisation of Candogan, Menache, et al. (2011) — a finite game is exact-
potential precisely when its deviation flow D lies in the image of the coboundary operator dy — belongs
to the same family, and it is the characterisation on which the decomposition theorem of Section 2.4 rests.
Family C bridges the combinatorial and analytic viewpoints and yields the quantitative potentialness di-
agnostic of Section 2.4 as a by-product, but its full power is visible only once the flow-space formalism is

in place.

A unifying thread Each family is, in fact, a restatement of a single topological trait: the deviation flow D
has trivial circulation around every closed cycle in the action profile space. Family A expresses this through
differential forms, Family B through coalition-indexed inclusion—exclusion, and Family C through Hilbert-space
orthogonality. The choice of language can be tuned to the data at hand. Smooth oligopoly models on convex

Euclidean domains yield most cheaply to Family A; congestion and networked games, where coalition locality
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is the key structural feature, reduce with minimal labour under Family B; population-level and large random

models, in which the flow-space decomposition of Section 2.4 is the natural setting, call for Family C.

2.5.3 Additional methods for computing an exact potential

Section 2.3 presents two constructive methods. The first is the classical line-integral formula of Monderer and
Shapley (1996) for differentiable games on a simply connected action domain: once closedness of the gradient
one-form has been verified, the potential W is obtained by integrating that one-form along any convenient path
from a reference profile to the profile of interest, with path-independence guaranteed by exactness. The second
is the path-potential construction of Arefizadeh, Nedi¢, and Dasarathy (2024), which adapts the line-integral
idea to a multi-dimensional Euclidean action space by evaluating the line integral along a coordinate-wise path.
Both methods are, structurally, representatives of a single integrability family: they fix a reference profile, sum
payoff increments along a path, and appeal to exactness to secure path-independence. In the remainder of this
subsection I outline five additional methods that are either of a different type altogether or are specialisations
adapted to structural features of particular classes of games. The treatment is deliberately brief; the aim is to
provide the reader with a map of what is available, together with pointers to the literature, rather than a full
exposition. Purely numerical algorithms are not discussed; the focus throughout is on constructive analytic
methods.
Method 1: coalitional construction via Mobius inversion.

For a finite game satisfying Ui’s coalitional decomposition of Family B above, the interaction potentials

¢ are recoverable from the payoff functions by Mdbius inversion on the coalition lattice. With a fixed

reference action 0 € A; for each player, one obtains

¢r(ar) = Z (—1)IT\S Tunin(T) (0.5, 0N\ ),
scr
and the potential follows as ¥(a) = Y,y ¢r(ar). For games with low-order coalition interaction
— additively separable payoffs, pairwise iﬁteractions, networked oligopolies — the sum collapses to a
short closed-form expression and the method produces the potential directly, without integration. I refer
to Ui (2000) for the proof of correctness of this inversion and to Chapter 3 for its extension to weighted
potentials.
Method 2: Hodge projection onto the potential subspace.

For any finite game, Theorem 2.9 of Section 2.4 gives the Hodge decomposition D = Dnp + D7py.
When the game is already exact-potential the harmonic component D7y vanishes, and the potential is

recovered in closed form as

U = di(Dn),

where d(T) denotes the Moore—Penrose pseudo-inverse of the coboundary operator dy: Cy — C' intro-
duced in Section 2.4. Equivalently, VU is the unique element of Cp, up to an additive constant, that satisfies
doV = Dm. The construction is coordinate free and, importantly, extends to games that are not exactly
potential: the projection D7wp = e D then returns an approximate potential function, corresponding to
the nearest exact potential game in the Euclidean sense (Candogan, Ozdaglar, and Parrilo 2013b). This
method is particularly well-suited to empirical settings in which the deviation flow is directly measurable,

for example auction experiments of the kind analysed by Bichler et al. (2025).

31



2.5 Notes

Method 3: semi-tensor-product potential equation.
In a parallel development largely independent of the Hodge-theoretic tradition, Cheng, Liu, et al. (2016)
and collaborators reformulated the exact-potential condition as a linear algebraic equation within the semi-
tensor-product (STP) algebra. When the payoft functions of a finite game are encoded as Kronecker struc-
tured vectors, the exact-potential condition becomes a linear system in the STP algebra — the potential
equation — and its solution, when it exists, is the potential vector. The approach reduces the twin tasks
of detecting exact-potentiality and of constructing the potential function to the analysis of a single struc-
tured linear system. Cheng and Ji (2021) and Yuanhua Wang and Cheng (2017) extend the machinery to
weighted, ordinal, and vector-payoft generalisations, and to Bayesian games; I discuss the STP approach
at length in Chapter 4. For present purposes I note two attractive features. First, the method yields a com-
plete answer — a potential function if one exists, a precise obstruction if it does not — without requiring
any path integration. Second, the STP potential equation is intrinsically computable, and the Cheng school
has developed a corresponding algorithmic theory that is of interest to the applied literature; see Yanfei
Wang, Hu, and Cheng (2024) for a typical treatment and the review in Cheng and Ji (2021).

Method 4: direct construction from the standard decomposition.
The standard decomposition of Section 2.2 writes each player’s payoff as m; = =, + &, where 7, is
common to all players up to the dummy residual &. When the common components 7, in fact coincide
across players — as they do in additively coupled payoft structures, in networked Cournot duopolies with
symmetric cost and demand, and in public-good games with linear spillovers — the shared component 7/
is itself the exact potential, up to an additive constant. This method is the simplest of all available routes
to the potential when it applies, and it is the working method behind the treatment of additively coupled
games in Section 2.1 and the networked Cournot application in Section 2.2. It is best understood as a
special case of Method 1 in which M&bius inversion is trivial.

Method 5: symmetry-exploiting constructions.
When a game admits a group action — a permutation symmetry of the player set, a graph automorphism
of the interaction network, or a translation symmetry of the common action set — the exact potential
inherits that symmetry, and it is enough to construct the potential on a fundamental domain and then
extend it by invariance. The canonical illustration is Rosenthal (1973)’s congestion game, in which the
player-wise symmetry of congestion costs reduces the potential to the single aggregate sum ¥(a) =
Y oreR Zz;(la ) ¢r(k), where n,(a) denotes the number of players using resource r at profile a and ¢,
the congestion cost on that resource. Marden and collaborators exploit the same principle extensively
in distributed engineered systems; see Marden (2012), Marden, Arslan, and Shamma (2009), and the
survey in Marden and Shamma (2015). Strictly speaking, the symmetry method is a constructive shortcut
rather than an independent characterisation: whichever of Methods 14 is in principle available will, when
symmetry is present, reduce under the symmetry group to a far shorter computation. I include it here as
a distinct entry because, in applied work, it is the method most frequently used to handle genuinely large

games.

Putting the methods to work The seven methods — the two of Section 2.3 and the five above — are not
independent. Methods 1, 4, and 5 are specialisations within Family B of Subsection 2.5.2; Method 2 is the
Family C construction in its most concrete form and Method 3 its STP-coordinate specialisation; the two methods
of Section 2.3 are the Family A representatives. In practice, the choice is dictated by the structure of the game.

Differentiable games on a simply connected domain default to the line integral of Section 2.3; finite games of
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low coalition order to coalitional decomposition (Method 1) or the standard decomposition (Method 4); games
whose natural object is the deviation flow to the Hodge projection (Method 2); games approached algebraically
via the STP framework of Chapter 4 to the potential equation (Method 3); and genuinely large games with

transparent symmetry to the invariance shortcut of Method 5.

Forward pointers The three families of Subsection 2.5.2 reappear repeatedly in the remaining chapters of
this book. Family B underlies the weighted-potential theory of Chapter 3, in which Ui’s interaction-potential
construction extends with player-specific multipliers. Family A reappears in Chapter 4 on potential games with
continuous action spaces. Family C underlies the near-potential and potentialness analyses of Chapter 6, where
the diagnostic of Section 2.4 is developed into a quantitative theory of almost-potential behaviour. The semi-
tensor-product apparatus that underpins Method 3 is the subject of the second half of Chapter 4, where its

relationship to the line-integral and Hodge constructions is made precise.

2.6 Proofs of Theorems and Propositions

Some of the proofs of the results presented in this chapter rely on tools from differential multi-variable calculus.

These tools are presented here first.
2.6.1 Preamble: Some mathematical concepts
In these auxiliary mathematical notes, we restrict ourselves here to the discussion of so-called one-forms only.
This is presented in a general context, without explicit reference to a game theoretic structure.
Differential calculus Consider a function f: A — R*. Then the differential of f is defined as
k

af =) O 4o,

Oa;
i=1 "

On the other hand, a differential one-form is defined as

w:Zgi(a)dai where g;: A — R" fori e {1,...,k}.
i=1

It should be clear that the differential of a function is a one-form, but the other way is not true. The one-forms
that have this property are called exact: A one-form w is exact if there exists some function f: A — RF such
that w = df.

Exact one-forms are natural and easy to work with. Therefore, it is a primary objective of the theory
to present a relatively easy way to check when a one-form is exact or not. Exactness of a differential one-
form can indeed be established through testing of a property that is referred to as closedness: A one-form
w = Y%, gila) day is closed if for all i, j € {1,...,k}: 5% = 3%,

It is relatively easy to establish that exact one-forms are closed. The reverse is less obvious.

Lemma 2.3 (Poincaré’s Lemma)

Let w be a one-form that is defined on a open, convex set A°, where A C A°. Then w is exact if and only

if it is closed. v
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I refer to Bouchard (2024, Theorem 3.6.4) and its proof to establish this important result.'’

The role of exact one-forms is important to understand potential games. If w = df, then the function f acts as a
potential function with regard to the one-form w.'® It should be clear that the mathematical theory of one-forms
gives rise to the use of the term “potential” to describe these structures.

It is clear that exact one-forms have special properties regarding their integration. For that, we introduce a
parametric curve in R¥ as a vector-valued function a: [0,1] — R* with a(t) = (21(t), 22(t), ..., 2x(t)) such
that o can be extended to a C! function on an open set containing [0, 1] with o/(¢) # 0 for all ¢ € [0, 1] and, if
a(t) = a(s) for t # s, it has to hold that s, ¢ € {0,1}. A parametric curve is closed if a(0) = «(1).

Note that a parametric curve as introduced here has a natural orientation given by the trajectory from «(0)
to a(1).

Line integrals Letw = Zle gi(a) da; be a one-form and let a: [0, 1] — R* be a parametric curve. Then

we write

K dai
afw = <;gi(a(t)) dt) dt

as the associated one-form. The line integral of w over the parametric curve « is now defined as

Lemma 2.4 (Fundamental Theorem of Line Integrals)

Let w = df be an exact one-form on an open set U C R¥ and let o be a parametric curve with ([0, 1]) C
U. Then

ﬁ = 75 df = (1)) = £(a(0))

Thus, the line integral of a one-form only depends on the starting and ending points of the curve over which the
integral is executed. An easy corollary of this fundamental insight is that the line integral of an exact one-form
over a closed curve is always zero. This gives rise to the following formulation of the fundamental characteristics
of an exact one-form w = df defined on a convex, open set in R*. Indeed, the following four statements are

equivalent:

(i) w is an exact one-form;
(i1) w is a closed one-form,;
(iii) For any closed parametric curve « it holds that fa w =0, and

(iv)  All line integrals of w are independent and given by §, w = f(a(1)) — f((0)).

7Note here that the Lemma is there formulated for a simply connected set, but that the version of the Lemma for convex sets results from
that by noting that convex sets are simply connected. For a direct proof of this Lemma, I also refer to Rudin (1976, Theorem 10.39).

18In fact, the vector field generated by w is conservative and its potential is exactly given by the vector form of f. I refer to Bouchard
(2024, Section 2.2.2) for some details.
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The proofs of Theorem 2.3 as well as Theorem 2.4 rely heavily on these concepts from vector calculus. It is
also clear that Monderer-Shapley’s formulation of the potential as stated in Theorem 2.2 is a simple application
of the Fundamental Theorem of Line Integrals.

2.6.2 Proof of Theorem 2.3

The proof of the generalisation of the Monderer-Shapley characterisations rests on multivariable calculus.

Let ' = (N, A,n) be a Euclidean game with, for every player i € N, action set A; C RF with k; > 1,
and payoff function 7; continuously differentiable on an open set A¢ C RF containing A C RF, where k =
ZieN ki = n.

We can re-represent the extended open strategy space A€ and strategy tuples a € A€ using the multi-dimensional

structure of these strategy spaces. Indeed, we can write

_ _ k
a = (ala" . 7an) - (al,la"'yal,k’laall,' . 'aa2,k‘2>a3,17"' 7an,k’n) S R

where a; = (a;1,...,a;x;) € A C RFi, where A¢ is the projection of A€ on R¥:.

It should be clear that I' is an exact potential game if and only if there exists ¥: A — R such that for every
a€A,i€ Nandk € {1,...,k;} itholds that 7;(a) — mi(a_(; k), aix +6) = ¥(a) — Y(a_( k), aix + 6) for
d € (—1,1) sufficiently small such that (a; 1,...,a;5—1,0i 5 + 0,0 11, .-, k,) € AS.

In particular, this implies by the application of the standard definition of the partial derivative regarding dimen-
sion (i, k) that I" is an exact potential game if and only if there exists ¥: A — R such that for every a € A,
i€ Nand k € {1,...,k;} it holds that

on; ) = ov
8ai7k - 8ai7k

(a).

From this it immediately follows that I" is an exact potential game if and only if there exists some differentiable
function ¥: A — R such that forevery i € N anda € A:

D; mi(a) = < O () Omi (a)) = ( ov (a),...,a\pl(a)> = D; ¥(a)

8%1 T Oai,ki aam 8ai k.

This concludes the proof of the assertion of Theorem 2.3.

2.6.3 Proof of Theorem 2.4

Consider a game I' = (N, A, ) that is a Euclidean game with for every player i € N the action set A; C R¥:
is convex with k; > 1 and the payoff function 7; is twice continuously differentiable on an open, convex set
A° C R” containing A C RF with k=Y, v ki = n.

From the game I" we can construct a one-form defined by

(n:kn)

w= Y (i,k)=(1,1)

From Theorem 2.3, it now follows that the game I is an exact potential game if and only if the one-form w is

or;
6a2~7k

(a) da; g, for every a € A°.

exact in the sense that there exists a function ¥: A® — R such that
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(n,kn)

w=df =Y (i,k) =(1,1) ov

ﬁam

(a) da; j, for every a € A°.

Furthermore, from Poincaré’s Lemma we know that the one-form w is exact on A€ if and only if it is closed in

the sense that

O (=2 <am>(a): ’ <8ﬂj)(a)=%(a>

0a; m 0a; j; N 0ajm \0a;}

foralli,j € N, ke {l,...,k;}andm € {1,... k;}.
From this we conclude immediately the assertion of Theorem 2.4 by rewriting the second partial derivatives in

matrix form to get Dzjm(a) = Djzﬂwj(a) foralli,j € N.
2.6.4 Proof of Theorem 2.5

LetI' = (N, A, 7) be some game.

First, assume that I' has an interaction potential, in the sense that for every coalition of players S C N there

exists an interaction potential function ¥g: Ag — R such that for every @ € A and every player ¢ € NV :

m(a)= Y s(as).

SCN: eS8

Now, define for every a € A, ¥(a) = > gcy Vs(as). Then we derive for every i € N, a;,b; € N and
a_; € A_; that

U(a;,a-i) = U(b,a_i) = Y Us((ainai)s)— »_ Ts((bi,ai)s)

SCN SCN
= > Us((aai)s)— Y Us((bi,ai)s)
SCN:ieS SCN: eS8

= mi(ai,a—;) — mi(bi, a—;)
This shows that I is indeed an exact potential game for the defined function V.
Conversely, suppose that the game I' has an exact potential given by W. Recall that §;(a—;) = m;(a) — ¥(a)

for every a € A defines a dummy game for every ¢ € IN. For every coalition S C N we now introduce
Ws: Ag — R as the function defined by

\I’(CL) + ZieN (51‘((1_1') ifS=N
Us(ag) =< —d;i(a_y) for§ =N —iifsomei € N
0 if S| <n—-2
where we recall that n = |N|.
Now, let7 € N and a € A. Then we derive that
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Z Us(as) = Z Un_jlan—;) + ¥Yn(a)

SCN:ieS JEN—i
= — Z 5 _] + \I/ Z 5h a h
JEN—i heN

U(a) + di(a—i) = mi(a)

We conclude the proof by checking whether the sum of the interaction potential functions Wg is exactly the

potential function ¥. Indeed, for every a € A:

> Uslag) =Y Unjlan—;) + Un(a)
SCN JEN
= — Z 5 ,J + \If —|— Z 5h a h )
JEN heN

showing that the interaction potential construction is indeed equivalent to a game having an exact potential.

2.6.5 Proof of Theorem 2.6

To show the assertion of Theorem 2.6, we first show that if I is a Euclidean potential game, then property (2.12)
holds.

Indeed, if I' has an exact potential, it follows from Proposition 2.1 that for all players ¢,5 € N and for all
a € A:mi(a) —di(a—;) = mj(a) — d;(a_j), or mi(a) — mj(a) = d;i(a—;) — d;(a—;). We apply this to the
lefthand side of (2.12). We build the lefthand side in two steps:

(Z = &)(mi —mj,a) = (T = &)(di —j,a)

This shows that an exact potential game satisfies (2.12).

Next suppose a game I satisfies (2.12). First we note that the expectation operators {&; | i € N} are well-defined
on the space of all measurable functions on all action sets of these players. These operators are commutative
and, therefore, it holds that for all 7, j € N :

(I — gz) (I — 5]) =7— ((‘:Z + (I - 52) gj) (2.29)

By induction we arrive at the expression
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n j—1
[[Te-e)=2-|a+> J[@-&) ¢
ieN j=2 k=1

Next, let 7 € N. Then

I=@Z-&)+&= Y. JIII&@-¢&)+é&

SCN: i€S j¢S keS

Therefore,

T = ENTL — Ep)mi + Em; (2.30)
> III&@-&

SCN: i€S j¢S keS

Together with the above, this results in the conclusion that for all S C N and all i, h € S

[HII&@-om=]] I &@-&)@-&)T-énm

j¢S kes j&S keS: k#i,h

- H H Ei(T — &I - &I — Ep)m

j¢S keS: kih

=[] & - &)mn

j¢S kes

Introducing {g = [] jgs [11cq &5(Z — Ek)m; as the common factor in the expression above, we can now rewrite
(2.30) as

m= Y, &st+&m

SCN: eS8

Hence,

T = Z §s — Z g + Eim;

SCN: S#@ SCN: S+£@, i£S

In this expression, » | SCN: S#2, i£S &g does not depend on a;. Furthermore, &;7; does not depend on a; either.
This shows that we have decomposed 7; in line with Proposition 2.1, showing that ' = (N, A, 7) indeed has

to be an exact potential game.

This shows the assertion of Theorem 2.6.

2.6.6 Proof of Theorem 2.7

Consider a smooth Euclidean game I' = (N, A, ) with 4; = [a;,a;] C R and m; € C*(A®) at least twice
continuously differentiable on an open set A¢ C RY with A C A¢.

We refer to Theorem 2.2 and the proof of Theorem 2.4 to determine that a smooth game has an exact potential if
and only if the corresponding one-formw =", g%: da; is exact. In that case there exists a smooth potential
function ¥: A — R such that w = dW.

From the mathematical notes about the fundamental theorem of line integrals it is immediately determined that

exactness of w implies that for any parametric curve v: [0, 1] — A it holds that
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Fo = av—v60) - ¥60) 231)

0

Consider some fixed action profile a° € A and let a € A be arbitrary. Now consider any path « such that

7(0) = a° and (1) = a. Then (2.31) can be rewritten as

om;
Oa;

¥a) = ¥ (1) = f o+ ¥00) = § 3 57 dai+ () (232)
v

TieN

Normalising the function ¥ such that ¥(a®) and rewriting the line integral with the standard formulation we

0=

iEN

arrive at the desired formula:

am
G b | a
2.6.7 Proof of Proposition 2.2

LetT = (N, A, 7) be an effective Euclidean game such that 0 € A C R¥.
Next, assume by contradiction that ¢(0, a) = 0 for every action tuple a € A. First, we note that for every i € N
from this by selecting a(i) = (0,...,0,a;,0...,0) that

©(0,a(i)) = mi(a(i)) — m;(0) =0 or mi(a(i)) = m;(0).

Now, take b(n — 1) = (0,...,0,a,-1,a,) € A witha,—1 € A,—1 and a,, € A,. Then it follows from the
hypothesis that

©(0,b(n — 1)) = m,—1(0,...,0,a,-1,0) — m1,—1(0) + 7y (b(n — 1)) — 7, (0,...,0,ap,-1,0) =0

We already have established that 7,1 (0, ...,0,a,-1,0) = m,—-1(0). This, in turn, implies that

©(0,6(n —1)) =mp(b(n —1)) — 1, (0,...,ap-1,0) =0 or Tn(b(n — 1)) = mp(0,...,0,a,-1,0).

Reasoning in this fashion repeatedly for players n — 2 through 1, we arrive at the conclusion that for any action
tuple @ € A it holds that 7, (a) = 7,(a—;,0). Hence, this would mean that player n is a dummy player in T

Thus, I' is non-effective, contradicting the assumption of the assertion stated in Proposition 2.2.

2.6.8 Proof of Theorem 2.8

LetT' = (N, A, ) be an effective Euclidean game such that 0 € A C R¥.

We first establish the relationship between the path potential and the exact potential function if I" is an exact
potential game. We can rewrite the definition of the path potential function to show that I' is an exact potential
game if and only if ¢(a,b) = U(b) — ¥(a) for all a,b € A. Indeed, we have that I" has an exact potential ¥ if
and only if
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n

<p(a,b) = Z [ﬂ'i(bl, . .,bi,ai+1, e ,an) — 7Ti(b1, . ,bi_l,ai, . ,an)]
i=1

= Z[\I/(bl, ,bi,aﬂ_l,... ,an) - \I/(bl, ,bi_l,ai,... ,an)]

The above is based on the insight that the path potential value o (a, b) captures the total payoff difference summed
over all players ¢ € N that transition from a; to b;. This total payoff difference sum is the same as expressed
through the exact potential function.

From the fact that 0 € A, we derive now that

©(a,0) =V(0) — ¥(a) aswellas ¢(0,a)=TY(a)— ¥(0).

Normalisation of the potential function by selecting ¥(0) = 0, implies now that ¥(a) = ¢(0,a) = —¢(a,0).

Next, we show the stated characterisation of an exact potential game in the assertion. Using the above, we
determined that I" is an exact potential game if and only if p(a,b) = W (b) — ¥(a). Thus, we arrive at the
conclusion that for all a, b € A :

p(a,b) = U(b) — ¥(a) = p(a,0) = ¢(b,0) = ¢(0,b) — ¢(0, a).

Letting a = b shows that ¢(a,a) = 0 for all @ € A. Thus,

¢(0,a) = ¢(0,0) — p(a,0) = —p(a,0)

Hence, we have indeed shown that I" is an exact potential game if and only if the path potential ¢ is decomposable
in the sense that for all a,b € A: ¢(a,b) = ¢(a,0) 4+ ¢(0,b) as well as ¢(a,0) = —¢(0, a).

This shows the assertion of Theorem 2.8.

2.6.9 Proof of Theorem 2.9

Theorem 2.9 asserts that every feasible flow on the response graph of a finite game decomposes uniquely into a
potential and a harmonic component. The original proof by Candogan, Menache, Ozdaglar and Parrilo (2011)
draws on the machinery of combinatorial Hodge theory on simplicial complexes, including the curl operator
d1, the Hodge Laplacian A1, and the identification of two-cells in the response graph. This apparatus can be
avoided: the decomposition admits a short, self-contained proof that uses only the definitions introduced in
Section 2.4 together with two elementary facts from finite-dimensional linear algebra.

I briefly recall the notation established in Section 2.4 of the chapter. Consider a finite normal form game
I' = (N,A,m) with N = {1,...,n} players, finite action sets A; for each player i« € N, and action profile
space A = [];c Ai. The set of unilateral deviations between action profiles is denoted by &.

The vertex space Cy = R4l and the edge space C = RI€| are endowed with the standard Euclidean inner
product, written (-, ), and (-, -), respectively. The gradient map dy: Cy — C1 is defined by

40



2.6 Proofs of Theorems and Propositions

(doW)(a,a’) = ¥(a') — ¥(a)

for every oriented edge (a,a’) € €. The divergence map 01: C1 — Cj is the adjoint of dy with respect to the
inner products on Cy and C', characterised by

(X,doW), = (&1 X, W), (2.33)

forall X € C; and all ¥ € Cy. The deviation map D: U — C; sends a payoff profile # € U to the flow
D € C} given by

(Dm)(a,a’) = mi(a’) = mi(a)

where i € N is the unique player whose action differs between a and a’. The space of feasible flows is the image
Im D C (] of the deviation map. A flow in Im dj is called a potential flow; a flow in ker 01 is called a harmonic
Sflow.

The proof rests on two simple observations. The first is a direct consequence of the adjoint relationship
(2.33).

The subspaces Im dy and ker 01 of C are mutually orthogonal:

Imdy L ker 9y in C. v

Proof LetY € Imdyand X € ker 0. Since Y € Im dy, there exists ¥ € Cy with Y = dyV. Applying the
adjoint relationship (2.33):

<X7 Y>1 - <X7 dO\I’>1 = <81X7 lIJ>0 = <O7 \Ij>0 =0

where the third equality uses X € ker 0;. Hence X L Y, as required. q

The second observation is that every potential flow is realised as the deviation flow of some game—specifically,
a common-interest game in which all players share the same payoff function. This shows that the subspace of

potential flows is contained in the subspace of feasible flows.

Every potential flow is a feasible flow: Im dy C Im D. O

Proof LetY € Imdj and choose W € Cj such that Y = dgW. Define the payoft profile m € U by

mi(a) == ¥(a) for every player ¢ € N and every action profile a € A.

This payoff profile describes a game in which all players share the common payoff function W. Its deviation flow

at any unilateral deviation (a, a’) € E—with deviating player i € N—is given by

(D7) (a,d’) = m;(a’") — mi(a) = ¥(a') — ¥(a) = (do¥)(a,a’) = Y (a,d’).
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Hence Dm =Y,sothatY € Im D. Since Y € Im dy was arbitrary, we conclude that Im dy C Im D. q

The decomposition theorem With these two lemmas in hand, we can now state and prove the combinatorial
Hodge decomposition of feasible flows. The argument combines Lemmas 2.5 and 2.6 with the elementary
fact that, in a finite-dimensional Euclidean space, any element admits a unique orthogonal decomposition with
respect to a subspace and its orthogonal complement.

I restate Theorem 2.9 for completeness:

Theorem 2.10 (Combinatorial Hodge decomposition of feasible flows)

Let ' = (N, A, ) be a finite normal form game. Every feasible flow Dr € Im D admits a unique

decomposition

Dr = Drp + Drg (2.34)

with Dnp € Imdy and Dy € ker 91. The decomposition is orthogonal in Cy, and both components

D7 p and Dy are themselves feasible flows.

Q

Proof The proof proceeds in three steps: existence, uniqueness, and feasibility of the two components.

Step 1: Existence of the decomposition. The subspace Im dj is a linear subspace of the finite-dimensional
Euclidean space (C1, (-, -);). The orthogonal complement theorem for finite-dimensional inner product spaces

guarantees that every element X € 'y admits a unique orthogonal decomposition
X=Xp+Xg  with Xp € Imdyand Xy € (Imdp)™*.

Here X p is the orthogonal projection of X onto Im dy, and Xy = X — Xp lies in the orthogonal complement

(Im dg)*. We claim that this orthogonal complement coincides with ker 01 :

(Im dp)* = ker 9. (2.35)

The inclusion ker d; C (Im dp)~* is Lemma 2.5. For the converse inclusion, suppose X € (Imdg)~. Then for
every ¥ € Cj,

0= (X,doV), = (01 X, V),

by the adjoint relationship (2.33). Since this holds for every W € Cj, the element 01 X € () is orthogonal to
every vector in Cj, and therefore 91 X = 0. Hence X € ker 01, establishing (2.35).

Applying this decompositionto X = D, we obtain D = Drnp+ Dny with Drp € Imdy and D7y € ker 0.

The decomposition is orthogonal in C' by construction.

Step 2: Uniqueness of the decomposition. Suppose Dm = Xp + Xy = X}, + X, are two decompositions
with Xp, X}, € Imdp and Xp, X}{ € ker 0;. Rearranging,

Xp—Xp=X};— Xp.

The left-hand side lies in Im dj; the right-hand side lies in ker 9;. By Lemma 2.5, Im dy Nker 9; = {0}—since
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any element in the intersection is orthogonal to itself and therefore zero. Hence Xp = X, and Xy = X}y,

proving uniqueness.

Step 3: Both components are feasible flows. By Lemma 2.6, Imdy C Im D, so Dwp € Imdy C ImD isa
feasible flow. Since both D7 € Im D and Dzwp € Im D, and Im D is a linear subspace of C1, the difference

Drnyg =Dr— Drp €lImD
is also a feasible flow. This completes the proof of Theorem 2.9.

Remark The theorem allows us to define the orthogonal projections unambiguously: the linearmape: C; — C}
given by X — Xp, the projection onto Im dy, restricts to a well-defined map from Im D to Im dy extracting
the potential component of any feasible flow. The harmonic component is then X — e(X) € ker 0;.

The proof above does not require the introduction of higher-order simplicial structure—specifically, the curl
operator d; : C7 — (Y defined on a two-cell extension of the response graph. This is a pedagogical simpli-
fication: the original argument of Candogan, Menache, Ozdaglar and Parrilo (2011) uses the full three-term

combinatorial Hodge decomposition

Chi =Imdy ® ker Ay & Im 0,

where A = dp0; + 0od; is the Hodge Laplacian, to derive the same conclusion. The shortcut presented here
works because we do not need to separately identify the “harmonic in the strict sense” subspace ker A; from
the “divergence-free” subspace ker 0 ; for feasible flows, these identifications are not required to establish the
unique decomposition. The two notions of harmonic flow coincide on Im D, as explained in Section 2.4 of the
chapter.
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